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Abstract 

In this paper we consider the question of bounding the degree of an divisor 
D invariant by a J- holomorphic foliation, without rational first integral, on 
smooth algebraic variety X in terms of degree of T and some invariants of D 
and X. Particularly, if T is a foliation of degree d on P^, whose the number 
of invariants curves is greater that ( fc £ 2 ), we show that there exist a number 
Ai(d, k) such that if k > M.(d, k), then T admits a rational first integral of 
degree < k. Moreover, there exist a number &(d,k), such that if T has an 
algebraic solution of degree k and genus smaller than &(d,k), then it has a 
rational first integral of degree < k. 



1 Introduction 

Henri Poincare studied in [HPJ the problem which, in the modern terminology, 
says: "Is it possible to decide if a holomorphic foliation J- on the complex projective 
plane P^, admits a rational first integral ?" Poincare observed that in order to solve 
this problem is sufficient to find a bound for the degree of the generic leaf of T. In 
general, this is not possible, but doing some hypothesis we obtain an affirmative 
answer for this problem, which nowadays is known as Poincare Problem. Many 
mathematicians come treating this problem and some of its generalizations, see 
for instance the papers of Cerveau Sz Lins Neto |CN] . Carnicer [CJ, Soares [5], 
Brunella & Mendes [B-M], Esteves & Kleiman [E-K], V. Cavalier & D. Lehmann 
|C-L| and Zamora [Z]. 

Other researcher that treated this type of problem was P. Painleve, more or less 
at the same time of Poincare problem, which in |PPj asked the following question: 
"Is it possible to recognize the genus of the general solution of an algebraic differ- 
ential equation in two variables which has a rational first integral?" In [N] Lins 
Neto has constructed families of foliations with fixed degree and local analytic type 
of the singularities where foliations with rational first integral of arbitrarily large 
degree appear. Therefore this families show that Poincare and Painleve questions 
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have a negative answer. In the same paper Lins Neto raised the the following 
question: "Given d > 2, is there M(d) £ N,such that if a foliation of degree d 
has an algebraic solution of degree greater than or equal to M(d), then it has a 
rational first integral?" J.Moulin Ollagnier showed in [O] that whend d = 2 this 
question has a negative answer, he exhibited a countable family of Lotka-Volterra 
foliations given by 

SLV(£) = x(y/2 + z)-^ + tf(2* + x)—+z[y- 

without rational first integrals such that has an irreducible algebraic solution of 
degree 21. 

Let T be a foliation on of degree d > 2 and V a hypersurface .F-invariante 
of degree k. In this paper, using the extatic divisor, we show that if the number 
of invariants hypersurfaces, of degree k, is greater than ( n ^ fc ) then there exist a 
number A4(d, k) such that if 

k > M(d,k), 

then J- admits a rational first integral, see corollary 11.21 

We raise the following question: "Given d>2, is there &(d, k), such that if a 
foliation of degree d has an algebraic solution of degree k and genus smaller than 
to <S(d,k), then it has a rational first integral?" We will show that this question 
has a positive answer, see theorem ll.il . 

If T is a holomorphic one-dimensional foliation on algebraic variety X, then a 
rational first integral for T is a rational map O : X — ■ » Y, where Y is an algebraic 
variety, such that the fibers of are .F- invariant. Using a concept of degree of 
foliations and divisors we will proof the following result. 

Theorem 1. Let T be a one- dimensional foliation on smooth algebraic variety 
X and D a effective divisor ^-invariant. Suppose that T does not admit rational 
first integral, then: 




deg(D) ■ \jf (T, \D\) - h°(X, ff{D))] < [deg{T] - deg(X)} ■ . , 

where ,JV(T , \D\) is the number of divisors T -invariante contained on the linear 
system H°(X, 0(D)) and h°{X, 0(D)) = dim c H°(X, 0(D)). 

Corollary 1.1. Let T be a one- dimensional foliation on algebraic variety X and 
D a effective divisor ^-invariant. Suppose that T does not admit rational first 
integral and that jV(T, \D\) > h°(X, 0(D)), then: 



[deg(F) - deg(X)} 
deg(D) < - 



fh°(X, 

2 



v 



Jf(T,\D\)-h°(X,0(D)) 

where .JV(T , |D|) is the number of divisors J- '-invariante contained on the linear 
system H°(X, 0(D)) and h°(X, 0(D)) = dim c H°(X, 0(D)). 
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Exemple 1.1. Let X be a Abelian varietie of dimension n and D a effective 
divisor invariant by a holomorphic foliation T on X . If ,jV(T , \D\) > -^f and T 
does not admit a rational first integral then 

[deg(F) - deg(X)} 



deg(D) < 



jr{?,\D\)-!£ 

Indeed, follows from Kodaira-Nakano Vanishing Theorem that 

h p (X,0(D)) = h p (X,fl n (D)) = 0, p>0, 

and hence the holomorphic Euler characteristic x(— ') = h°(X,0(D)). On the 
other hand, we have by Riemann-Roch theorem that xiP) = ^n" • Now, the af- 
firmed follows from corollary li.il 

If we suppose that jV(T, \D\) > h°(X, 0(D)), follows from corollary O that 
there exist a number ^(T ' , \D\), such that if J- possess a invariant effective divisor 
D, contained on the linear system \D\ = H°(X, 0(D)), satisfying the condition 

deg(D) > Ji(T,\D\), 

then J- admit rational first integral. 

Corollary 1.2. Let T be a one- dimensional foliation on of degree d > 2 and 
,yV(d,k) the number of hypersurfaces invariants by T of degree k. Suppose that 
,jY(d,k) > ( n ^ k ) and there exist a hypersurface invariant by T of degree k such 
that 

[n+k\ 
(d_n.fi, k 



A id, k) - ("+*) ' 
Then T admit a rational first integral. 

Remark 1.1. In the case of a foliation T on P^., we can to bound of degree of 
the rational first integral which this one admit. See the Proposition 2 in /V) /. 

Let X be an algebraic surface and D a curve invariant by a foliation T on X. 
In this case, we obtain the following inequality in terms of invariants of X, the 
virtual genus of D and the degree of T ' . 

Let D be a divisor on algebraic surface X. For the next result we shall use the 
following notation U(D) = dimcH^X, 0(D)), i = 0, 1. 

Corollary 1.3. Let J 7 be a foliation on algebraic surface X and D a divisor 
J- -invariant. If T does not admit rational first integral, then 

2 - 2 9 (X, D) < 2h\D) - 2h\K - D) + s '**^*"" ■ (^ D) ) + 

+ K. ( K-12D )+X{ X) 
b 

where g(X,D) is the virtual genus of D, K is the canonical sheave of X and xPO 
is the Euler characteristic of X. 
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Theorem 1.1. Let J- be a foliation on of degree d > 2, that does not admit 
rational first integral of degree < k. Let D be a algebraic curve, of degree k, 
invariant by J-, then 

o o d(k 3 + 6k 2 + Uk + 6)- k 3 - 6k 2 + 13k + 2 

2 -25(D) < '- 2jr(d,k), 

where g(D) is the virtual genus of D and j¥(d, k) is the number of curve T- 
invariant of degree k. 

Proof. Since x(P£) = 3, K = —3h and D = kh, where h is the hyperplane class 



J>2 



of P£, follows that 

K ■ (K - 12D) + x(X) 
6 



6fe + 2. 



However, K — D = —(3 + k)h and so deg(K — D) = —3 — k < 0, hence follows 
from theorem 1 2 . 1 1 that h°(K — D) = 0. Moreover /i 1 (P^., kh) = 0. In fact, we have 
that 

H 1 ^, kh) = H 1 ^, nl 2 (kh - K)) = H^Fl, Ql 2 ((k + 3)h)), 

and applying the Kodaira-Nakano Vanishing Theorem that for q = 1 and p = 2 
we get 

H\p 2 c ,nl 2c ((k + 3)h)) = 0. 

Therefore, since .F does not admit rational first integral of degree < k, follows 
from corollary 11.31 and of the done calculations that 

2 - 2 g (D) < + 11* + Q- + 13* + 2 _ ^ „ 

□ 

Exemple 1.2. Let C be a smooth curve invariant by a foliation T on P^. Under 
the conditions of theorem li.il we get 

rn\ / d ( k3 + 6fc2 + + 6) - A: 3 - 6& 2 + 13k + 2 „ .... , . 

where x{C) is the Euler characteristic of C . 

Follows from theorem 11.11 that there exist a number &(d, k), such that if T 
possess a invariant curve C, of degree k, which satisfies the following condition 

g(C)<0(d,k), 

then T admit rational first integral of degree < k. 
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2 The degree of divisors and holomorphic foliations 

Let (X, w) be a Kahler manifold where vo is the Kahler form. The degree of 
holomorphic vector bundle E on X related to structure induced be w is defined 
by 

deg^(E) = J c x (E) At*"" 1 . 
x 

Theorem 2.1. [K^ Let L be a line bundle on Kahler manifold (X,w). Then: 

i) Ifdeg m (L) < 0, then H (X,O(L)) = {0}. 

ii) If deg m (L) = and s € H (X,O(L)), with s + 0, then s(p) / for all 
p£X. 

Definition 2.1. Let D be a effective divisor on X. The degree of D is defined by 



Remark 2.1. Since D is effective we have that H°(X, 0(D)) ^ {0}, and follows 
from theorem\2j\ that deg(ff(D)) > 0. 

Let D be a divisor on X defined locally by functions {f a S ff(U a )} € \, where 
{U a } e A is a open covering of X. If U a p := U a CiUp then there exist f a p € &*(U a ), 
such that f a = fapfp. Denote by f£ the restriction of f a on D. Let J 7 be a 
holomorphic foliation given by collections ({$ Q }; {Mo}', {da/3 € 0* ; }) a eA on X. 
Consider the following functions 

Cf' D) =*«(/£) e*(W«n£>). 

If U a n Up n D ^ and using the Leibniz's rule we get = f^g a pQp' D ^- 

With this , we obtain a global section ^,0) Q f ^ ne Dunc ii e (Tjt* <S> [.D])m. The 
tangency varietie of .F with D is given by 

T(f,D) = {peD;(^)(p)=0}. 

Definition 2.2. Let X C F N be a smooth algebraic variety and H the hyperplane 
class of F N . Let J 7 be a foliation on X . The degree of T is the intersection number 



deg(T) := ([T , H)] ^ [H]^ 2 \ [H]) , 
where [H]^ n ~ 2 ^ = [H] — • • • — [H] . 

y v ' 

(n— 2)— times 

Proposition 2.1. Let J 7 be a foliation on algebraic variety X C ¥ N . Then 

deg(J 7 )=deg(T})+deg(X), 
where deg(X) is the degree of X. 
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Proof. We have that 




n-2 



H 

where h is the hyperplane class. By adjunction formula [1~(J- ', H)] = (Tjr* g> [H])\jj 
and since H is Poincare's dual of h, that is c\ ([H]) = h, we get the following 



Remark 2.2. If deg(Tf) < follows from theorem {2J\ that H°(X,T^) = {0}. 
Therefore we shall assume deg (T^) > 0, or equivalently deg(J-) — deg(X) > 0. 

Exemple 2.1. Let J- be a foliation on X, where Pic(X) ~ Z. Take a positive 
generator TL for Pic(X) and denote by Ox(k) := 7i® k the k-th tensorial power of 
H. If we shall write T^ = Ox(d — 1) we get that deg(T^) = [d — l)deg(X) and 



deg{T) = deg(T£) + deg(X) = (d- l)deg(X) + deg(X) = d ■ deg{X). 
In the case where X = ¥ n we will have, as already it is known, that deg(T) = d. 

3 Extatic divisor 

The method adopted here stems from the work of J.V.Pereira [P], where the 
notion of extactic variety is exploited. In this section we digress briefly on extactic 
varieties and their main properties. 

A one-dimensional foliation J 7 on complex manifold X induced a morphism 
: $7^ — ► T% given by locally by contraction , that is, ^jf, (9) = i$ a (0 a ), 
where U a is a opened of X. 

Consider the linear system H (X,O(D)) and take a open covering {U a } a of 
X which trivialize O(D) and T%. In the opened U a we can consider the morphism 






deg (T*) + deg(X). 



□ 



hence 



\Ua 



(X,0(D))®0 Ul 




•a 



defined by 




s + xAsT-t + x^sr- 1 - 



+ ...+X*(s) 
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where X^(-) a = *^(d(-))| Ma and s G H°(X,0(D)) ® In an opedend W a 

H°(X, 0(D)) ® C Wa we obtain 



we have 0(D) | w = • a a and T£ = Ou a ■ Pa- Therefore, for all s a G 



s {1) ■ a 



X F (5 a ) a = X F (5W) a - / S a 
X*- 1 ( Sa )« = X^" 2) ) a -^a 



S (2) 



If U a nUy + then = 5a7 4 1} and = **„(■) = *(/ a7 tf 7 )(-) = /orMO 7 . 

where <7a 7 ,/ Q7 € 0*(U a ) are the cocycles which defines, respectively, the line 
bundles [D] and T£. using the described compatibility above and the Leibniz's 
rule we get 



_ (i) _ (i) 
X^r • Pa = (XAQajV • 4 1} + 9^ ■ 4 2) ) • fen ■ Pi 



Following for this process it ties the order k = h°(X, O(D)), we obtain 



r s (1) i 




s {2) 




s i3) 




(k) 
_ S a . 





9afS 
X^(g ai y ■ fay g a (3 ■ fa/3 













9a(3 ■ fL 










9a/3 ■ J a/ 3 



'7 

,(2) 

'7 

.(3) 



,(*) 



Denoting the matrix above by 0q, 7 (JF, D) G GL(k, 0£ ), we see that 
' 9 a7 (JF, D)(p) • G ja (F, £>)(p) = /, for all P eU a nU 7 

< 

k e a7 (^, d) (p) • e 7A (^, d) (p) • e Xa (F, d) ( p ) = /, for ail P ew a nw 7 nw A . 

That is, the family of matrices {9 a7 (^ r , D)} Q7 define a cocycle of a vector bundle 
of rank k on X that we shall denote by J^O(D). Now, using the trivializations 
{@oey(F, D)} aj we get the morphisms 

: #°(X, 0(D)) ®O x ^ J k x r O{D). 

Taking the determinant of we have the morphism 

det(TW) : A" [H°(X, O(D))] ® O x ^ f\ k J^O(D), 

and tensorizing by (/\ k V)* we obtain a global section of J Xt O(D) ® (A* V T 
given by 

e^ v -.O x ^^J x O{D)®{tfvy. 
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Definition 3.1. The Extatic divisor of J- with respect to the linear system H°(X, O(D)) 



J.V.Pereira [P] obtained the following results, which elucidate the role of the 
divisor variety: 

Proposition 3.1. ([PJ, Proposition 5) Let J- be a one- dimensional holomorphic 
foliation on a complex manifold X. If V is a finite dimensional linear system, 
then every T- invariant hypersurface which is contained in the zero locus of some 
element of V , must be contained in the zero locus of £{V,J-). 

If T is a holomorphic one-dimensional foliation on a complex manifold X, then 
a first integral for T is a holomorphic map G : X — > Y, where Y is a complex 
manifold, such that the fibers of are .T 7 - invariant. Then we have: 

Theorem 3.1. ([P], Theorem 3). Let J 7 be a one- dimensional holomorphic foli- 
ation on a complex manifold X. If V is a finite dimensional linear system such 
that £(V,J-) vanishes identically, then there exits an open and dense set U where 
T\u admits a first integral. Moreover, if X is a projective variety, then T admits 
a meromorphic first integral. 

4 Proofs 

4.1 Proof of theorem Q] 

From theorem l3.1l if T does not rational first integral e {T V) ^ 0, and then defines a 
divisor £{JF, V) whose line bundle associated is f\ k J\ O (D)(8) (f\ k V)*. Let us say 
that k = dimcV. Let J/i be the number of irreducible divisors of H (X, O(D)) of 
degree i < deg(D), counting multiplicities, invariants by T . From proposition 13.11 
all divisor G H (X,O(D)) invariant by T is contained in the extatic £{T , V). 
Using this fact we can to affirm that 



Indeed, it is enough to group the divisors ^"-invariants of the following form 





deg(D) 



i-<A<deg(£(F,V)). 



i=i 




d.. , and C is a line bundle. Therefore we get 

m rii 



d ki deg{Vl) =i.J2d ki =i-<A, V i = 1, . . . deg(D). 



k=l k=l 



POINCARE PROBLEM FOR DIVISORS INVARIANT BY ONE-DIMENSIONAL FOLIATIONS ON ALGEBRAIC VARIETY9 



For simplicity we will write [£(J~, V)] = 3jf <8> £, where 

y T = [V/fu ® • • • ® [F™ 1 ]^"! ® • • • ® [Vl g{D) f™^ ® • • • ® W^fifff"*"™*'™ • 

deg(D) 

Calculating the degree we conclude that deg(3p) = i ■ J/[ < deg{£{T, V)). 

i=l 

This show the affirmed one above. 

Fronm this inequality, we get the following deg(D) ■ ^V(D) < d&g{£{T, V)). How- 
ever the line bundle associated to the extatic divisor £{T , V) is given by the 
following /\ k J k XT 0{D) <g> (/\ k V)*. This implies that 

k k 

[£{T,V)]^l\J k XT 0{D)®(/\vy. 
On the other hand, the cocycle of f\ k J Xj _0(D) is given by 

det(Q ay (F,D))=g k a/3 .f®, 

where g a @ and f a p are trivializations of [D] and T^, respectively. This show that 
A fe J k x T 0{D) ~ [Df k ® hence 

v)] = [i>]®* (f\ k vy. 

Calculating the degree deg(£(!F, V)) we get 

de^^)) = de 5 ([£>]® fe (2£)®(5))+cfe0 ( /\V* ) = k-deg(D)+deg(T* T ) 



deg(D) 

Finalely, follows from ^Vdeg(D) ' deg(D) < i ■ <A£ < de.g{£{T , V)) and of the 

i=i 

fact that degfTjr) = deg{!F) — deg(X), that 

deg(D) ■ [^ deg{D) — k] < [deg(T) - deg(X)} • Q 
This proof the theorem [U 
4.1.1 Proof of corollary 11.31 

From Riemann-Roch's theorem (see [Hj theorem 1.6) we get 

h°(D) = h\D) - h°(K -D) + D ^ D ~ K ) + x{ x) 
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where x{&x) holomorphic Euler characteristic of X and K is the canonical sheave. 
Since g(X, D) = D < D ~ K ) + D ■ K + 1 we have that 

h°(D) = h\D) - h°(K - D) + g(X, D) - D ■ K + x (#x) ~ 1- 

From Noether's formula x(^x) = To(K ' K + x{X)) we get 

h°(D) = h\D) - h°(K - D) + D) + ±[K-{K- 12D) + - 1 (*) 

Now, by theorem [T] we have that 

~h°(D) < ( de9 % d nf X) )-( h V)-^(F,\D\) 
The result follows from this inequality and (*). 
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